Recently a new four-dimensional non relativistic renormalizable theory of gravity was proposed by Horava. This gravity reduces to Einstein gravity at large distances. In this paper by using the new action for gravity we present different toroidal solutions to the equations of motion. Our solutions contain static and rotational ones. We also include gauge fields and find the charged solutions too.
Introduction
Recently a new four-dimensional non relativistic renormalizable theory of gravity was proposed by Hořava [1] . It is believed that this theory is a UV completion for the Einstein theory of gravitation. Recently a lot of efforts have been done to understand this theory, . In [2] the solutions with spherical symmetry has been found. It also presents equations of motion for Horava gravity. In this paper, in section two, by using the same method as [2] we find the static toroidal solutions. By finding the extremality condition we can show that the near horizon geometry of these toroidal solutions is a conformally flat space. In section three we include the non-relativistic action of an Abelian gauge field and find the toroidal charged solutions. In section four we try to add rotation to our solutions.
We use equations of motion presented in [2] and show that there are different possible solutions to the equations of motion.
We start from the four-dimensional metric written in the ADM formalism, [33] 
The Einstein-Hilbert action in this formalism is given by
where G is the four dimensional Newton's constant and K ij is the second fundamental form and is defined by
The action proposed by Hořava is a non-relativistic renormalizable gravitational theory and is given by [1] 
where λ , κ , µ , w and Λ W are constant parameters, and C ij is the Cotton tensor, defined by
Using the relation 6) one can rewrite the action (1.4) as
,
By Comparing L 0 with the general theory of relativity in the ADM formalism, one can read the speed of light, Newton's constant and the cosmological constant as
Additionally, demanding that L 0 gives the usual four dimensional Einstein-Hilbert Lagrangian (general covariance), one find that λ = 1.
Toroidal solution
In this section we are interested to find solutions with toroidal symmetry. We start from the following ansatz
Special case: λ = c = 1
To find the usual toroidal solutions to Einstein gravity we start from the special case λ = c = 1 so that Λ W = − 32 κ 4 µ 2 and we just consider L 0 . The easiest way for finding the solution is to substitute the ansatz into the Lagrangian. Doing this up to some overall constant factor we find
2)
The solution to the equations of motion are given by
which has only one real root when M > 0 and
. Although the value of curvature scalar is constant for this solution, but curvature square term R µνλρ R µνλρ is infinite at r = 0. For Λ W > 0 there is no real root so we have a naked singularity. The solution (2.3) is a known solution in four dimensions, [34] . Our result agrees to them when the charges and angular momentum is set to zero in [34] .
We now consider the total Lagrangian L 0 + L 1 . Due to the special form of the ansatz, the Cotton tensor is zero and we find the following Lagrangian, which is independent of ω
For this Lagrangian there are two solutions. The first one is 5) where here N(r) is an arbitrary function. The second one is the following solution 6) where this solution has two real roots when M > 0 and Λ W < 0 at r − = 0 and r
. By computing the scalar curvature, we see that the first root causes singularity but the second one is an event horizon. When M > 0 and Λ W > 0, there is just one root at r = 0 which is a naked singularity.
The general solution:
Considering the full Lagrangian with general value for λ, we find
where prim denotes the derivative with respect to r.The solution to the equations of motion is
where, M and C are constants of integrations. The above relation reduces to previous results when λ = 1. One must notice that our results agree to those found in [16] . The above solution has two real roots for M > 0 and Λ W < 0 at r − = 0 and r
The scalar curvature is given by R = 2(3Λ W + M(n + 1)r n−2 ) and because λ → +∞ then n → 2 so we always have a curvature singularity at r = 0. When Λ W > 0 then r = 0 is a naked singularity.
Our computations also show another value for n, which is n = 2λ+ √ −2+6λ −1+λ
. The important point about this solution is the fact that when λ → 1 then n → ∞.
Extremal solution
It is interesting to find the extremality conditon for the general solution found in (2.8). We first find the temperature of the solution (2.8). The temperature of this black hole can be computed by finding the surface gravity at horizon, the result will be 9) where the location of the horizon is at r 0 = r + . The extremality condition happens when the temperature is zero, so we can find the critical value of M for an extremal black hole. This is given by
To find the geometry, we consider that the solution has a double horizon, i.e. r 0 = r + = r − . Presuming this condition gives the critical value for M to be zero as well as the location of horizon, r 0 . By changing the variables to a set of dimensionless coordinates as follow
and sending ǫ → 0 one can find the following near horizon geometry for extremal solutions
With a simple change of variables one can write this geometry as a conformally flat metric
(2.13)
Charged solutions
In this section we try to find the charged toroidal solutions for Horava gravity. For doing this we need to add a general non-relativistic action for gauge fields. Using the action given in [7] we write the following action as
where
We use the following ansatz for metric and gauge field
We consider the special case λ = 1. Putting the above ansatz into the Lagrangian, we find the following terms which must be added to the gravitational Lagrangian
The solution to the equations of motion will be as follows 4) where we have chosen the ansatz and constant of integration so that, q e and q m are electric and magnetic charges respectively. By some analytical computations one can show that in order to have a solution with two real positive roots one must consider Λ W < 0.
Rotating solutions
It will be interesting to consider the rotating solutions. The solution to the equations of motion for Einstein gravity is given by [34] 
where a is the rotation parameter and in our notation
We are interested to find the extremal solution and its near horizon geometry. The extremal condition happens
where r 0 is the location of the horizon. For finding the near horizon geometry we need to change our variables to some new dimensionless coordinates as follows
Sending ǫ → 0 one find the following metric
As a double check, we can see that the above metric satisfies the equations of motion. We are interested to find the effect of higher curvature terms. To do so we notice that, in rotating solutions the Cotton tensor is not necessarily zero and this make the problem difficult to solve. To find a rotating solution, we consider a << l as a parameter of perturbation and solve the equations of motion up to O(a).
For finding the extremal rotating solution we use the tree-level solution (4.5) as our guide. We start from the following ansatz
One may notice that we have a freedom for time scaling. We have fixed this by choosing the above proper off-diagonal term. There is another freedom on choosing the function A 3 (θ).
For fixing this we suppose the following value
Any other value for A 3 (θ) gives another solution which is equivalent to ours by the field redefinition on θ. For solving the equations of motion perturbativly in terms of rotating parameter a, we choose polynomial functions with unknown constant coefficients as A i (θ) = s i (1 + b i aθ 2 ) for i = 1, 2, 4. Similar to Einstein gravity solutions, we suppose that r 2 0 = za with z as a constant. In writing these functions we have used the fact that we have a symmetry as (θ ↔ −θ). Additionally similar to (4.5) the regularity condition at θ = 0 gives a simple constraint as s 4 = z. Considering all these facts, we find the four Algebraic equations (see Apendix A). As one sees there are four equations and six unknow constants. Because already we have used all symmetries and boundary conditions there are no more constraints left. To solve the equations we limit ourselves to some special cases.
One amazing observation of equations shows that when b 2 = b 4 then the constants are independent of ω. Here we find the following values for a general value of λ
(4.8) where z satisfies in the following equation
In general when one chooses b 2 = b 4 , the constant values will be ω-dependent. The solution is very complicated and contains equations with degrees more than 3. It will be interesting to find other possible simplifying constraints which cause to simple solutions.
Conclusion
In this paper we have studied the toroidal solutions for non relativistic and renormalizable theory of gravity proposed by Horava [1] . We solved equations of motion by using an ansatz with toroidal symmetry. We show our results for general parameters in the theory and in "detailed balance". Our computations show the existence of black hole solutions where their location of horizons depend on the parameters of the theory, when Λ W < 0. We also show that for Λ W > 0 we have naked singularities. We also find that the near horizon geometry for extremal solutions is a conformally flat space. We also add a non-relativistic action for gauge fields proposed by [7] and find the charged toroidal solutions too. We observe that for Λ W < 0 there are two inner and outer horizons for our solutions.
We find our results with both using the method presented in [2] and using the equations of motion presented in [2] and [7] directly.
Using the equations of motion one may try to find the near horizon geometry for extremal rotating solutions. We find our solutions as a perturbed solution when the rotation parameter is small. Our computations show two possible set of solutions, (in)dependent of the ω parameter.
